We derive a component-field expansion of the Green-Schwarz action for the type IIA string, in an arbitrary background of massless NS-NS and R-R bosonic fields, up to quadratic order in the fermionic coordinates θ. Using this action, we extend the usual derivation of Buscher T-duality rules to include not only NS-NS, but also R-R fields. Our implementation of the T-duality transformation rules makes use of adapted background-field parametrizations, which provide a more geometrically natural and elegant description for the duality maps than the ones previously presented. These T-duality rules allow us to derive the Green-Schwarz action for the type IIB string in an arbitrary background of massless NS-NS and R-R bosonic fields, up to O(θ 2 ). Implemention of another T-duality transformation on this type IIB action then allows us also to derive the Green-Schwarz action for the massive IIA string. By further considering T-duality transformations for backgrounds with the two U (1) isometries of a 2-torus, we give a string-theoretic derivation of the direct T-duality relation between the massless and massive type IIA strings. In addition, we give an explicit construction of the D = 8 SL(3, IR) × SL(2, IR) invariant supergravity with two mass parameters that form a doublet under the SL(2, IR) factor.
Introduction
T-duality is the most securely founded of the duality symmetries of string theory, being grounded in worldsheet field manipulations that do not change the corresponding conformal field theory (see reviews [1, 2] ). It has been discussed mainly in the Neveu-Schwarz-Ramond formalism, where couplings to the Ramond-Ramond sector of superstring theory do not appear in the classical string action. However, when one is concerned with the effects of T-duality on nontrivial R-R backgrounds, it is more appropriate to use the Green-Schwarz formulation. In this paper we develop procedures for deriving T-duality in the GreenSchwarz formalism. We first apply the method to a derivation of the standard type IIA/IIB string T-duality, including R-R backgrounds. Next, we extend the discussion to allow for backgrounds associated with the massive type IIA theory. Since this extension of the theory inherently involves R-R backgrounds, the Green-Schwarz formalism is ideally suited to describing the extended T-duality symmetries that relate the massive IIA string to the type IIB string. Finally, we apply our discussion of T-duality in the Green-Schwarz formalism to the case of type IIA strings propagating in backgrounds with two abelian isometries. By this means we are able to exhibit explicitly the T-duality relation between the massless and massive IIA theories.
We begin by obtaining a component-field expansion of the superfield form of the GreenSchwarz action for the type IIA superstring in an arbitrary background of bosonic NS-NS and R-R fields, working to order O(θ 2 ) in the fermionic coordinates. We do this by making a double dimensional reduction [3] starting from the superspace form of the D = 11 supermembrane action [4] , and using previous results for the component expansions of the D = 11 superfields [5, 6, 7] . Thus we obtain the component-field expansion of the type IIA Green-Schwarz string action given in (2.10), to O(θ 2 ) in the fermionic coordinates, in arbitrary massless bosonic NS-NS and R-R fields.
Performing next the T-duality transformation for a single U (1) isometry, we show how an appropriate set of background-field definitions significantly simplifies the T-duality derived transformations of these fields. We do this by adopting variable choices for the background fields that are geometrically adapted to the background with its ssumed abelian isometry, which is necessary for implementation of the T-duality map. This leads to a simple set of expressions for the background-field transformations that precisely matches the known forms of nonlinear symmetry transformations in the corresponding effective supergravity theory. Since, in our discussion, we are using a formalism where all the massless bosonic fields are non-vanishing, this allows us to derive T-duality transformation rules for the R-R as well as the NS-NS backgrounds, in a manner directly comparable with previous field-theoretic derivations, but now instead within the framework of the string action.
String-theory T-duality transformations have an advantage over those derived in the effective field theory, in that they are carried out without suppressing string excitations along the directions of the assumed isometries of the background fields. Thus, whereas in supergravity field theories the assumption of isometries means that one has effectively made a Kaluza-Klein reduction to a lower-dimensional theory, this is not the case in string theory. Accordingly, in string theory, one may access the larger groups of nonlinear symmetry transformations that appear in supergravity theories upon dimensional reduction, but without actually sacrificing the higher-dimensional modes of the string itself. Thus in our approach we obtain the type IIA/IIB T-duality in the more general string-theoretic framework, including R-R background fields, while at the same time employing the more geometrically adapted description commonly used in field-theoretic discussions.
The component-field expansion of the usual type IIA Green-Schwarz string that we obtain includes non-vanishing backgrounds for the 2-form and 4-form R-R field strengths F (2) and F (4) . By performing a T-duality transformation with a single U (1) isometry, we show how the action can again be interpreted as a covariant ten-dimensional action, but now describing the type IIB string. By this means we derive for the first time a componentfield expansion of the type IIB Green-Schwarz string action, again to O(θ 2 ) in the fermionic coordinates, in arbitrary massless bosonic backgrounds, including the 1-form, 3-form and 5-form R-R field strengths F (1) = dχ, F (3) and F (5) . The action is given by (3.30) .
From the type IIB Green-Schwarz action we then perform a further T-duality transformation, for a single U (1) isometry along a coordinate y, in which the field strength F (1) is allowed to have a non-vanishing component in the direction of the isometry, F (1) −→ F (1) + m dy. From a field-theoretic standpoint this corresponds to performing a ScherkSchwarz generalised reduction, where the axion χ is allowed a linear dependence on the compactification coordinate y. As is well known, this leads to a massive supergravity in D = 9 which is identical, after a field transformation, to the ordinary dimensional reduction of massive [9] type IIA supergravity [10] (see also [11, 12] ). In our discussion of T-duality at the level of the superstring action, we are able to derive the additional 0-form contribution of the mass term m to the background of the IIA theory, thereby providing an explicit expression for the Green-Schwarz action for the massive IIA string, given by (4.4).
Since the type IIB and the massive type IIA theories are related by an appropriatelygeneralised T-duality on a circle, and on the other hand the massless IIA theory is related to the IIB theory by a standard T-duality on a circle, one can expect that it should be possible to derive a direct T-duality relation between the massless and massive IIA theories themselves, in which the background fields are assumed to have the two U (1) isometries of a 2-torus. Indeed, in [13] a massive supergravity was obtained in D = 8, by performing a generalised Scherk-Schwarz reduction of massless type IIA supergravity. Although not manifestly the same as the theory that one obtains by reducing massive type IIA supergravity on the 2-torus, it is in fact equivalent up to field redefinitions in D = 8. This formed an ingredient in the discussion in [14] , where the notion of massless/massive IIA duality was developed. The arguments presented there involved the comparison of D8-brane and D6-brane solutions of the supergravities in D = 8. In the present paper, we are able to present a direct and explicit formulation of massless/massive IIA duality, at the level of the Green-Schwarz string action, showing precisely how the T-duality mapping between the two theories is implemented.
Type IIA Superstring Action from the Supermembrane
We start from the worldvolume action for the supermembrane in D = 11. This is given by [ 
4]
NÊn N is the world-volume metric, Z M = (Xμ, θ α ) denotes the eleven bosonic and 32 fermionic spacetime coordinates, andÂ P NM is the 3-form superfield.
The supervielbeinÊ A M and 3-formÂ were obtained to leading order in θ in [5, 6] , and more recently they were completely calculated to O(θ 2 ) [7] . To this order, setting the spinor background fields to zero, they are given by:
2)
The notation here is as follows. Hatted indicesμ are used for eleven-dimensional bosonic coordinates and hatted indicesm are used for the eleven-dimensional bosonic tangent-space. 
where dŝ 2 11 =ĝμνdXμ dXν and ds 2 10 = g µν dX µ dX ν , with the metrics given byĝμν = em µên ν ηmn and g µν = e m µ e n ν η mn respectively. Note that the ten-dimensional metric is in the string frame here. We also choose to make a rescaling of the fermionic coordinates, in the process of reducing from D = 11 to D = 10, namely, θ −→ e − 1 6 φ θ. This ensures that in D = 10, the supercoordinate transformations δX µ =θ Γ µ and δθ = will take their canonical forms.
In order to derive the ten-dimensional type IIA superstring action from the elevendimensional supermembrane action (2.1) using this reduction scheme, one can follow either of two procedures. One may first obtain the ten-dimensional supervielbein components by dimensional reduction in superspace, and then substitute them into the superspace version of the D = 10 type IIA superstring action, 8) or alternatively one may start directly from the D = 11 action (2.1) and work out the reduction directly in the action at the component-field level. In the first procedure, one has to be careful to apply a local Lorentz transformation in superspace in order to put the D = 11 vielbein into Kaluza-Klein reduction form, withÊ m y = 0, and one also needs to perform a superspace Weyl rescaling [3, 15] 
The type IIA superstring action may then be obtained by inserting these expressions, together with the corresponding reduction of the 3-form field A, into the D = 10 superspace form (2.8) of the string action. Alternatively, one may apply the reduction scheme directly in the eleven-dimensional action (2.1). In either way we find, after some lengthy algebra, that the ten-dimensional type IIA string action, for arbitrary bosonic background fields and
where
The notation here is the following:
The field strengths are given by (2) and F (4) . The factor of e φ that multiplies the R-R terms in (2.10) implies that θ loop diagrams involving two insertions of the R-R vertices will give rise to the expected additional e 2φ factor in the couplings of the kinetic terms of the R-R fields in the low-energy effective action.
One further remark that is appropriate at this stage is to note that there is no √ −h R (2) φ coupling of the dilaton to the worldsheet. This is what one should expect; such a term would explicitly break the conformal invariance of the classical world-sheet action (2.10), which would contradict the manifest conformal invariance of the classical reduction procedure (see [15] Green-Schwarz heterotic string at the one and two-loop levels [16] , no need has been found for a √ −h R (2) φ term. It may be that such a term only appears out of the quantum measure upon making the variable changes needed for a transition from the Neveu-Schwarz-Ramond to the Green-Schwarz formalism.
T-duality and the Type IIB Superstring Action

T-duality in the Green-Schwarz action
T-duality in the NS-NS sector has been extensively studied at the level of the string sigma model, starting with [18] . For the type I string, the resulting "Buscher rules" correspond in D = 9 to a discrete Z 2 symmetry. For type IIA and IIB strings, whose NS-NS sectors coincide but whose R-R sectors differ, it corresponds to a transformation that maps back and forth between the two theories. In an NSR type of sigma model, one does not see the 2 The odd-parity R-R terms proportional to ij were presented in [17] ; they are in broad structural agreement with ours, although the detailed relative coefficients in our Sν ρσ and Sν ρσλτ differ from the results in [17] .
couplings of the R-R background fields to the worldsheet, and so the methods used in [18] are not directly applicable to the complete type II theories. In fact until now, the analogues of the Buscher rules for the R-R fields have been derived only at the level of the effective low-energy field theory, by performing standard Kaluza-Klein reductions of the type IIA and IIB supergravities and making the necessary identifications of fields that relate the two theories in D = 9, as in [8, 10] . In this section, we shall derive the generalisation of the Buscher rules for the Green-Schwarz superstring actions. Since, as we have presented in the previous section, these actions include the couplings of the R-R fields, this will allow us to obtain a worldsheet derivation of the "Buscher rules" for the R-R fields.
To begin, we write down a generic worldsheet Lagrangian with the general structure of (2.10):
Note that by comparing this general form with (2.10), the quantities G µν and B µν will contain not only the usual θ-independent terms g µν and A µν , but also certain θ 2 terms as well. In fact, it will prove useful to write these as
where Q µν = Q (µν) and P µν = P [µν] represent the symmetric and antisymmetric O(θ 2 ) terms coupling to ∂ i X µ ∂ j X ν . The quantities G jµ and B jµ , which couple to the single ∂ i X µ pullback, will correspond to theθ ∂ i θ parts of the fermionic kinetic terms in (2.10).
We now follow the analogue of the standard procedure developed for the bosonic string in [18] . Thus we suppose that there is an abelian isometry of the ten-dimensional background fields, such that in an adapted coordinate system the fields are all independent of the tenth of the coordinates X µ . We shall accordingly decompose the coordinates as
The next step is to replace ∂ i Y in the Lagrangian (3.1) by a worldsheet vector V i , at the same time introducing a Lagrange multiplier Z (a worldsheet scalar) and adding the term
The equation of motion for Z enforces the irrotationality of V i . By instead varying the action with respect to V i , and substituting its algebraic solution back into the action, we obtain
Note that, following the conventional notation, we associate the index "0" with the Y coordinate.
The Lagrangian (3.3) can be seen to be of the same general form as (3.1), with Z rather than Y now viewed as the tenth coordinate. Recasting (3.3) in the form (3.1) implies that there will now be a transformed set of background fields, which we shall denote by G µν , B µν , G jµ and B jµ . Recalling that G µν and B µν include terms both of order θ 0 and θ 2 , as indicated in (3.2), we may then read off the full set of transformed background fields, correct to order θ 2 . At zeroth order in θ we find the usual Buscher rules,
,
At O(θ 2 ), we obtain the following rules:
In these formulae we have followed tradition [18] , in denoting the components of the metric (the θ-independent terms in G µ ν , G µ 0 and G 00 ) simply as g µ ν , g µ 0 and g 00 .
There is, however, a much more natural way to parametrize the ten-dimensional metric in terms of nine-dimensional fields, namely by using the standard Kaluza-Klein decomposition from D = 10 to D = 9. Thus the natural metric to consider in D = 9 is not g µ ν , but
(For the mixed and the internal components, there is no need to make a distinction between g and g.) This can be seen easily from the form of the string-frame Kaluza-Klein reduction ansatz, which is ϕ. In terms of the metric decomposition (3.7), it is easy to see that the standard bosonic Buscher rules (3.5) can be rewritten in the more elegant
where the 2-form potential in D = 10 is reduced to D = 9 according to the standard Kaluza-
Note that the expressions in (3.8) are identical to those that one finds at the field-theory level, when mapping the dimensionally-reduced type IIA and IIB supergravities into one another in D = 9. (See, for example, [12] .)
For the O(θ 2 ) terms (3.6), we can also obtain a more elegant form by using the technique, familiar in Kaluza-Klein reductions, of using tangent-space rather than coordinate indices.
Upon doing so, we find that (3.6) can be re-expressed in the considerably simpler form
where here, m and 0 now denote tangent-space indices. Henceforth, we shall always use tangent-space indices on Q mn and P mn . Note that all the type IIA and IIB field strengths that appear in our results, including all their non-linear corrections, will now be precisely the same as one finds in the corresponding supergravity theories. In the conventions that we are using in this paper, their precise expressions may all be found in [19] .
In order to discuss T-duality in the O(θ 2 ) sector, we must make a nine-dimensional decomposition of the spinor coordinates. The spinor θ in D = 10 has 32 components, split into 16 chiral and 16 antichiral components. In D = 9, we therefore obtain two 16-component spinors. We shall decompose the ten-dimensional Dirac matrices as follows:
where m is a tangent-space index running over the nine-dimensional range, with corre- 
Thus we have
In the type IIB theory, which we shall obtain by performing a T-duality transformation, there are two spinors of positive chirality in D = 10, which we shall denote byθ A , with A = 1, 2. These will be related to the spinors θ A of the type IIA theory bỹ
Type IIA/IIB T-duality
With these preliminaries, we are now ready to implement the T-duality transformation on the type IIA action (2.10). The new part of our construction, which goes beyond previous results, involves the consideration of the O(θ 2 ) terms, and, in particular, the R-R field couplings. Firstly, we read off from (2.10) the various O(θ 2 ) terms in (3.1). In order to bring out the parallelism between the type IIA and type IIB theories, we express the θ coordinates of the IIA theory in the notation θ A introduced above. Thus for the terms coupling to NS-NS background fields we have
13)
(Note that ω n pq denotes the tangent-space components of the spin connection; i.e. ω pq = ω n pq e n .) Similarly, we can read off from (2.10) the contributions to Q mn and P mn coming from the R-R sector:
14)
where the superscripts on the Q mn and P mn indicate the degrees of the R-R field strengths involved. The complete expressions for Q mn and P mn are obtained by summing the various NS-NS and R-R contributions listed in (3.13) and (3.14) above.
We now implement the T-duality transformations for the O(θ 2 ) backgrounds, as given in (3.9). Specifically, this means that we should take the expressions given by (3.13) and (3.14), apply the transformations (3.9), and then seek to re-interpret the resulting tilded quantities as the 9 + 1 decompositions of fully ten-dimensional covariant tilded backgrounds P mn and Q mn . It is helpful to study the R-R terms, given in (3.14), first. It is straightforward to see that the last step, of re-interpreting the transformed nine-dimensional backgrounds as the reductions of covariant ten-dimensional ones, is impossible if one tries still to use the original two θ A fermionic coordinates of the type IIA action (2.10). However, if one uses instead theθ A fermionic coordinates, then the transformed nine-dimensional backgrounds can indeed be expressed as the reductions of covariant ten-dimensional ones. 3 To see how this works, let us consider a sample calculation in detail.
The dimensional reduction of Q (4) mn gives rise to a number of terms, including the contribution to Q m 0 of the 3-form F m n p that comes from F mnpq . From (3.14), we see that this contribution will be
After straightforward gamma-matrix manipulations, this can be seen to be 
m 0 is related to the (m 0) components of an antisymmetric term P mn in the T-duality transformed theory. One can easily see that it arises from the reduction of the ten-dimensional quantity
where F p q r = −F p q r . (The need for the minus sign becomes apparent after following a complete chain of analogous T-duality transformations.) In fact if we look at the complete set of T-duality transformations, we find that the scalars φ and ϕ occur in the same
4 ϕ in all the P mn and Q mn expressions. Noting that in the T-duality transformed theory there should be a single scalarφ in D = 10, it is therefore natural to define it to beφ
We now recall that in the Kaluza-Klein reduction (3.7) for the metric of the T-transformed theory, theg 00 component was parametrized in terms ofλ, which was related to φ and ϕ bỹ
4 ϕ (see (3.8) ). Since this is not orthogonal toφ, it is natural to reparametrize it in terms ofφ and a second linear combinationφ of φ and ϕ that is orthogonal toφ,
In terms of these two orthogonal fields, we now haveλ =
4φ . This is identical in form to the original untilded λ in the Kaluza-Klein metric decomposition (3.7) for the type IIA theory. The relations (3.18) and (3.19) which we have derived here are precisely the transformations that relate the dilatonic scalars in the nine-dimensional reductions of the type IIA and type IIB supergravities (see, for example, [12] ).
It is interesting to note that our derivation of the relations (3.18) and (3.19) in the present Green-Schwarz formalism was a purely classical one. By contrast, in a standard NSR sigma model formulation of T-duality, the derivation of the dilaton transformations requires a detailed consideration of how conformal invariance can be preserved under quantisation [1, 2] . The essential difference in the Green-Schwarz formalism that has allowed us to obtain the dilaton transformations from purely algebraic classical considerations is the presence of R-R background field strengths in the string action.
After carrying out the entire chain of T-duality transformations (3.9), involving repeated steps paralleling those that we have illustrated above, we find that the R-R couplings become
in D = 10, where
Note that the chirality of theθ A fermions implies that the 5-form F (5) is self-dual. Note also that F (1) = dχ, where χ is the axionic scalar of the type IIB theory.
We find that the type IIB 1-form, 3-form and 5-form field strengths appearing in (3.20) are related to the 2-form and 4-form field strengths of the type IIA action (2.10) as follows.
Reducing the D = 10 type IIA fields as 22) and the D = 10 type IIB fields as
where F (5) and F (4) in D = 9 are related by Hodge duality, we find that the nine-dimensional R-R fields must be identified as follows:
This particular pattern of identifications, including the alternating signs, is precisely in agreement with the results for R-R T-duality that one finds at the field-theory level. (See, for example, [12] .)
The discussion of the T-duality relations for the NS-NS contributions at O(θ 2 ) proceeds in an analogous fashion. Following a similar strategy to that described above, we find that the various background fields can be rewritten, after applying the T-duality transformations (3.8) , in the D = 10 covariant forms
25)
Reducing the ten-dimensional NS-NS fields to D = 9 in the standard Kaluza-Klein style,
∧ dz, we find that here, as in the previous O(θ 0 ) discussion, the nine-dimensional type IIA and type IIB NS-NS fields are related in the standard way, with
where F (2) = dA (1) and F (2) = dA (1) . This is just the standard interchange of Kaluza-Klein and winding vectors.
A number of comments are now in order. Firstly, we may observe by comparing (3.13) and (3.25) A second observation is that in the R-R sector, the expressions for Q mn and P mn in the type IIA theory in (3.14) and in the type IIB theory (3.20) all have the same structural form. In all cases, the general structure for the coupling to a p-form is
where To close this section, we may summarise our results for the ten-dimensional type IIB Green-Schwarz action, which takes the form
Green-Schwarz Action for the Massive Type IIA Theory
It has been shown at the level of the low-energy effective supergravities that the massive type IIA theory and the standard type IIB theory are related via a T-duality transformation that differs from the usual one only in that a generalised Scherk-Schwarz reduction ansatz is now introduced for the axion χ of the IIB theory [10] . In other words, one makes the more general Kaluza-Klein ansatz
when reducing from D = 10 to D = 9, while keeping all other ansätze unchanged. Despite the linear dependence on z in (4.1), the usual requirement of z-independence of the higherdimensional action and field strengths is still satisfied, in view of the global shift symmetry
It is straightforward to implement the analogue of this generalised reduction in the Tduality transformation of the previous section. Thus we now replace the reduction procedure for F (1) given in (3.23) by
(As a consequence, F (1) in D = 9 is now given by F (1) = dχ − m A (1) .) We can now use the T-duality rules (3.9) in the direction opposite to that which we followed previously, to deduce the form of the new terms Q
mn and P
mn that we shall acquire in the type IIA string action. As usual, we find that after applying the T-duality transformation, the ninedimensional expressions can indeed be lifted to covariant ten-dimensional ones. By this means, we obtain the following new terms in the ten-dimensional type IIA Green-Schwarz action: mn we could, of course, replace Γ (m Γ n) by η mn .) Thus up to (O(θ 2 ), we find that the Green-Schwarz action for the massive type IIA string is given by
where L 2 is given in (2.10), but with the field strengths now given by
It is often more appropriate to use a formalism where the mass term of the IIA theory, which can be thought of as a 0-form field strength, is replaced by its dual 10-form field strength. In this case the action will be given instead by
where S ν ρ 1 ···ρ 10 is given by (3.28) with p = 10.
Massless/massive type IIA T-duality
In the previous section, we derived the T-duality transformation between the type IIA and type IIB Green-Schwarz actions. In particular, if the 0-form m vanishes, this relates the massless type IIA and type IIB theories. When m is non-vanishing, the T-duality maps from type IIB to the massive type IIA string theory. This T-duality has been discussed in Refs [10, 13, 11, 12] at the level of the low-energy effective action, by considering the Scherk-Schwarz reduction of type IIB supergravity. This leads to the expectation that there should be a T-duality that directly relates the massless and massive type IIA string theories.
This issue was explored in [14] , by considering the T-duality between the D8-brane and the D6-brane in eight dimensions. Since the D6-brane in D = 8 has, from an eleven-dimensional point of view, the internal structure of either a circle bundle over a 2-torus [20] or a 2-torus bundle over a circle [14] , this would provide a geometrical relation between M-theory and the massive type IIA string.
Here, we shall consider the T-duality relations between the massive and massless type IIA strings in detail, making use of the results of the previous sections. In particular, we have seen that the results of T-duality transformations on the string variables (X µ , θ) are implemented on the background fields by means of standard nonlinear supergravity global symmetry transformations. This would then also imply that a T-duality map between an original massless string theory (with an appropriate non-trivial R-R background) and the corresponding image massive theory will similarly be implemented by a backgroundfield transformation that can be read off from previous work on effective field theories. In particular, for the purposes of the present discussion we shall consider string theories on backgrounds with two isometries, which are related to previous work on D = 8 effective supergravities.
Accordingly, let us consider massless type IIA string theory on a background with two U (1) isometries, namely where all spacetime fields are independent of two spacetime coor-
Next, we integrate out the two V a i . Two possible cases arise, according to whether or not the 2-form field strength F (2) with indices projected into the compactified directions vanishes.
These two cases correspond to massless or massive string backgrounds respectively.
Consider first the massless case. After performing a T-duality transformation by integrating out the two V a i , the Lagrangian can once again be put into the form of the type IIA As with the single-inversion T-duality discussed in section 3, the effect of the doubleinversion T-duality on the background fields is identical to a standard transformation of the corresponding lower-dimensional effective field theory. In the single-inversion case, this was the well-known redefinition (not a symmetry) that relates the fields of the type IIA and type IIB forms of nine-dimensional supergravity. In the double-inversion case, the corresponding
field-theory transformation is a symmetry of the eight-dimensional supergravity, which is contained in the perturbative T-duality SO(2, 2) subgroup of the SL(3, IR) × SL(2, IR)
Cremmer-Julia symmetry of maximal eight-dimensional supergravity. 5 Before we identify which D = 8 supergravity symmetry transformation the T-duality transformation produces, let us recall the structure of the T-duality symmetry group. The perturbative T-duality group that arises for spacetimes with the isometries of a d-torus is
SO(d, d
). This is a subgroup of the Cremmer-Julia supergravity symmetry group for the Now we shall identify which SO(2, 2) transformation has been generated by the doubleinversion T-duality. Specifically, we shall show that it is the element of the SL(2, IR) 2 factor represented by the matrix
To see how this works, let us consider the double-inversion T-duality transformation in detail. We already saw in section 3 that the usual presentation of the single-inversion T-duality transformation leads to rather opaque transformation rules of the form (3.5), which assume the more elegant form (3.8) when the ten-dimensional fields are decomposed in terms of nine-dimensional fields in a geometrically-natural way. Specifically, it is the standard Kaluza-Klein ansatz that provides this natural framework for this decomposition.
This advantage becomes all the more persuasive in the present context, where we wish to implement the double-inversion T-duality transformation corresponding to integrating out both of the auxiliary fields V a i in (5.1). Thus we begin by writing the ten-dimensional string metric in the Kaluza-Klein decomposition appropriate to the assumed form where there are two U (1) isometries on a 2-torus:
where all fields are independent of the two toroidal coordinates (Y 1 , Y 2 ), and we have
Here, ϕ 1 and ϕ 2 are the usual dilatonic scalars coming from the reduction steps to D = 9
and D = 8 respectively. As we shall see, the combination f will be the canonicallynormalised dilaton in the SL(2, IR)/O(2) scalar coset describing the SL(2, IR) 2 global symmetry. The combination ψ, also canonically normalised, is orthogonal to f and lives in the SL(3, IR)/O(3) part of the total scalar manifold. We also make a standard Kaluza-Klein decomposition for the 2-form potential A µν :
In fact χ will turn out to be the axion in the SL(2, IR) 2 /O(2) scalar coset.
We are now ready to implement the double-inversion T-duality transformation. Thus we begin with the sigma-model Lagrangian However, they become rather simple when expressed in terms of the fields appearing in the Kaluza-Klein decomposition, and we shall present only these final results here. To do so, it is useful first to make the following redefinitions:
After the double-inverse T-duality transformation, we find that the sigma-model Lagrangian can be recast in the form (5.6), using tilded fields which are related to the original untilded ones as follows. First of all, in the scalar sector we find 
On the other hand the other dilatonic scalar combination ψ, and the axion A 1 (0)2 associated with SL(2, IR) 1 , are inert. We find that the remaining fields are transformed in the following way:
Note that here g µ ν denotes the eight-dimensional string-frame metric ds 2 8 appearing in the Kaluza-Klein decomposition (5.3). It is therefore related to
. The transformations (5.8) and (5.9) describe a symmetry of the truncation of the eightdimensional supergravity to its NS-NS sector. In fact, when appropriately augmented by transformations for the R-R fields, it is a symmetry of the full theory (see the appendix for a complete discussion); as we discussed above, it is the Z 2 subgroup of the SL(2, IR) 2 factor of the T-duality symmetry given in (5.2).
So far, we have demonstrated the massless/massive type IIA T-duality at the level of the NS-NS background fields, in what is a rather natural generalisation of the standard discussion for IIA/IIB duality. Since we are working in the Green-Schwarz formalism, this string-theoretic derivation of massless/massive IIA T-duality can be extended to the R-R sector too, as we did for IIA/IIB T-duality in section 3. To do this, we again start from a generic Lagrangian of the form (3.1), with G µν and B µν containing O(θ 2 ) terms Q µν and P µν as in (3.2), together also with the terms G jµ and B jµ containing theθ∂ j θ at O(θ 2 ).
Following the lessons learned in section 3.1, where we saw that the relations between the lower-dimensional components of the original and the T-duality transformed O(θ 2 ) tensors are much simpler if written in terms of tangent-space indices, we follow the same strategy here. After algebra of considerable complexity, we arrive at the following expressions for the tilded O(θ 2 ) backgrounds in terms of the original ones:
10)
(f +f )
Our notation here is that m denotes a tangent-space index restricted to the eight-dimensional subspace, and a and b denote tangent-space indices ranging over the two values corresponding to the directions of the two U (1) isometries. The explicit numerical indices 1 and 2 similarly denote these two tangent-space index values. The quantity Q is defined by
, and likewise Q ≡ 1 2 ( Q 11 + Q 22 ). In the appendix, we derive the complete SL(2, IR) transformations of the NS-NS and R-R fields of the eight-dimensional supergravity. In the NS-NS sector, the Z 2 subgroup corresponding to (5.2) coincides precisely with the T-duality relations that we derived in (5.8) and (5.9) by string-theoretic methods. It must also be the case that in the R-R sector, the Z 2 subgroup of transformations will agree with the ones that follow from the O(θ 2 ) relations (5.10). To demonstrate this, one has to follow steps analogous to those that we presented for the case of type IIA/IIB T-duality in section 3.2. Now let us consider the case where F (0)12 = m is allowed to be a non-vanishing part of the background for the massless type IIA theory. (This corresponds, at the level of the effective field theory, to a Scherk-Schwarz reduction of the axion A (0)1 in D = 9 that comes from the R-R 1-form A (1) in D = 10.) After integrating over the two V a i auxiliary fields in (5.1), the resulting Lagrangian no longer allows a direct interpretation as a dimensional reduction of the massless ten-dimensional type IIA string. By this we mean that, unlike in the F (0)12 = 0 discussion above, the tilded backgrounds of the T-duality transformed theory cannot be directly interpreted as the fields appearing in the given Kaluza-Klein dimensional-reduction ansatz. For example, the tilded 1-forms A a (1) and A (1)a , and the tilded dilatonic scalars φ , arising after integrating over the two V a i , which in the F (0)12 = 0 case could respectively be interpreted as the Kaluza-Klein vectors, winding vectors and dilatons in the Kaluza-Klein reduction ansatz for the type IIA theory, cannot be so interpreted once
The reason why this has happened is that the SL(2, IR) 2 symmetry is broken by the cosmological potential that arises in the Scherk-Schwarz reduction with F (0)12 = m = 0 [13] .
The full Lagrangian is given in the appendix; here, we shall just consider the relevant terms in order to illustrate the point. The cosmological term, together with the kinetic terms for the scalars of the SL(2, IR) 2 /O(2) coset, is given by
is the third linear combination of the three dilatonic scalars; it is canonically normalised and is orthogonal to f and to ψ defined in (5.4). We can think of the cosmological term as being the "kinetic term" for the 0-form field strength F (0)12 = m. The key point that distinguishes this from the case when m = 0 is that whereas all the other field strengths are either invariant under SL(2, IR) 2 or else they occur in doublet pairs, here we have a single term which is not invariant under SL(2, IR) 2 , thus breaking the symmetry. Nonetheless, we can still view SL(2, IR) 2 as defining a set of field redefinitions, albeit ones that now change the form of the Lagrangian. In particular, it is easy to see that for a general SL(2, IR) 2 transformation of the backgrounds, for which that the mass term breaks not only the general SL(2, IR) 2 symmetry but also the specific Z 2 subgroup corresponding to the double-inversion T-duality (5.2). However, the T-duality transformed backgrounds do still allow themselves to be directly lifted to a covariant theory in D = 10, but now it is to the massive IIA theory, rather than to the massless theory. In other words we can directly interpret A a (1) as the Kaluza-Klein vectors, A (1)a as the winding vectors, and φ as the dilatons coming from the reduction ansatz for the massive IIA theory.
In particular, we can see this from the form of the cosmological term in (5.16) . From the definitions of f and σ, we see that the cosmological term is 17) which is precisely what one obtains by performing a Kaluza-Klein reduction of the cos-
φ in the massive IIA theory. The mass term for the axion χ in (5.16) can also be understood from this viewpoint, since it is nothing but the Kaluza-Klein reduction of the mass term for the 2-form A (2) in the ten-dimensional massive IIA theory.
Conclusions
In this paper we studied the T-duality maps involving the type IIA and type IIB string theories at the level of the Green-Schwarz sigma-model string actions. This approach provides a string-theoretical derivation of T-dualities, and sheds light on the subsequent web of dualities between the massless and massive type IIA and type IIB string theories.
As a prerequisite for these analyses, we needed explicit (component) forms of the GreenSchwarz actions, in backgrounds including R-R as well as NS-NS massless fields. While the superfield form of the type IIA action in curved backgrounds has been given in [23] , the component form, needed for the application of T-duality transformations, was unknown.
The component form of the analogous type IIB Green-Schwarz action was also previously unknown. In our derivation of the type IIA Green-Schwarz action, we employed a double dimensional reduction of the eleven-dimensional supermembrane action, and making use of explicit results for the supervielbein and 3-form superpotential, derived up to order θ 2 in the fermionic fields [7] . This enabled us to find an explicit and complete form of the type IIA Green-Schwarz action with massless NS-NS and R-R background fields, exact up to order θ 2 .
This action provided our starting point for studying T-duality transformations at the level of the Green-Schwarz action. We generalised Buscher's T-duality procedure (implemented in [18] in an NSR formalism with only NS-NS background fields) to the GreenSchwarz action, now involving spinor coordinates θ as well as R-R background fields. Furthermore, we formulated the T-duality transformation rules in terms of adapted backgroundfield parametrizations, thus obtaining more compact and elegant expressions for the Tduality maps which have a natural geometrical interpretation.
These generalised T-duality transformations enabled us in turn to derive the GreenSchwarz action for the type IIB string, giving it for the first time with NS-NS and R-R background fields, exact up to O(θ 2 ).
Next, we constructed the string-theoretical T-duality map between the type IIB and massive type IIA strings. Starting with the type IIB Green-Schwarz action, in a background with a U (1) isometry in which the 1-form field strength F (1) = dχ is allowed to take a nonvanishing constant value in the direction of the isometry, and applying the generalised T-duality transformation, we derived the Green-Schwarz action for the massive IIA string, in arbitrary R-R and NS-NS maslles backgrounds, again to order θ 2 . This provides a string theoretical derivation of the T-duality transformation which, at the level of the effective supergravities, corresponds to the equivalence of the Scherk-Schwarz reduced type IIB and massive type IIA theories.
In view of the fact that the type IIB string is itself related by T-duality to the massless type IIA string, one can obtain a direct T-duality relation between the massless and massive type IIA strings, by considering them on backgrounds with the two U (1) isometries of a 2-torus. This was discussed by considering D8-branes and D6-branes in the effective field theories in [14] ; here, we were able to give a string-theoretic description at the level of T-duality in the Green-Schwarz actions. In addition, we gave a construction of the eight- Finally, we remark that our discussion of the T-duality mapping between the massless and massive type IIA strings extends straightforwardly, in a manner analogous to that discussed in [14] , to a unified picture in which the massive type IIA string emerges in an appropriate limit from the eleven-dimensional supermembrane propagating in a background with the three U (1) isometries of a 3-torus, which can be viewed either as an S 1 bundle over T 2 [24] or as a T 2 bundle over S 1 [14] . In D = 10, the massive type IIA theory [9] is given by
where the field strengths are given in terms of potentials bŷ (2) ,
We now reduce on T 2 the standard way, using the conventions and notation of [19] , adapted to the case where the first reduction step is from D = 10 to D = 9, and where the generalised Scherk-Schwarz reduction is included. To be explicit, we havê
Note that the last term inÂ (4) , which amounts to a field redefinition, is needed in order that the coordinate z 2 does not appear undifferentiated in the Lagrangian. The ansatz for the Einstein-frame metric is e φ/2 dŝ 2 10 where dŝ 2 10 is the string frame metric given in (5.3). We find that the Scherk-Schwarz reduced Lagrangian in D = 8 is given by
where χ = A (0)12 and
with
The expression for Ω 2 , which does not involve A (3) , is quite complicated, and we shall not present it here. The exterior derivative of L F F A is, however, rather simple, and is given by
In the scalar sector, the SL(2, IR) symmetry is generated by the axion χ ≡ A 
which is a singlet under the SL(2, IR). We find that the remaining two 3-form potentials are also SL(2, IR) singlets, and are given by
We also have the pair of singlet 1-forms, This, together with its Hodge dual, forms a doublet under the SL(2, IR). The symmetry involving F (4) is therefore seen only at the level of the field equations.
It is useful at this stage to consider the various doublet symmetries under the SL(2, IR) generated by f and χ in more detail. First of all, we note from (A.4) that, as one would expect, f does not couple to the kinetic terms for any of the SL(2, IR)-singlet fields. All the doublet pairs of 2-form fields strengths (F + , F − ), with potentials (A + , A − ) = (A (1) , A (1)12 ), (−A 2 (1) , A (1)1 ) and (A 1 (1) , A (1)2 ), which we exhibited above, have kinetic terms which couple to f in the form − The two mass parameters (m 1 , m 2 ) transform in the same way as (A + , A − ). Finally, to discuss the SL(2, IR) symmetry for F (4) , we note that the pair F (4) and (e −f * F (4) where X can be easily read off from (A.14). It is straightforward to verify that these two equations form a doublet under the SL(2, IR).
For completeness, we list the field redefinitions that we made for the potentials. Making the following substitutions in the expressions for the field strengths directly following from the dimensional reduction, we obtain the field strengths given above: This Z Z 2 is a subgroup of the SL(2, IR); it is quite different from the R 1 ↔ 1/R 1 Z Z 2 transformation that relates the type IIA and type IIB theories, which is intrinsically discrete and is not part of any connected group.
As was observed in [24] , the U-duality group can be decomposed as general coordinate transformations of the internal spaces of either the type IIA or the type IIB theories, together with the T-duality transformation that maps between the two theories. From the type IIB point of view, the SL(2, IR) symmetry under which (m 1 , m 2 ) form a doublet is nothing but a residual general coordinate transformation symmetry of the internal 2-torus. This is because in the type IIB case, the axion χ in D = 10 can be Scherk-Schwarz reduced on each of the two circles reductions, giving rise to two mass parameters that naturally form a doublet under the SL(2, IR) residuum of the 2-torus general coordinate transformations.
Note added
After this work was completed, a paper appeared which also considers certain aspects of type IIA/IIB T-duality for R-R fields [25] .
